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A real-valued function f of a real
variable

Figure P.22

FUNCTION NOTATION

The word function was first used
by Gottfried Wilhelm Leibniz in
1694 as a term to denote any
quantity connected with a curve,
such as the coordinates of a point
on a curve or the slope of a
curve. Forty years later, Leonhard
Euler used the word “function” to
describe any expression made up
of a variable and some constants.
He introduced the notation

y = f).

8 Use function notation to represent and evaluate a function.
8 Find the domain and range of a function.

8 Sketch the graph of a function.

# ldentify different types of transformations of functions.

8 Classify functions and recognize combinations of functions.

Functions and Function Notation

A relation between two sets X and Y is a set of ordered pairs, each of the form (x, y),
where x is a member of X and y is a member of Y. A function from X to Y is a relation
between X and Y that has the property that any two ordered pairs with the same x-value
also have the same y-value. The variable x is the independent variable, and the
variable y is the dependent variable.

Many real-life situations can be modeled by functions. For instance, the area A of

a circle is a function of the circle’s radius r.
A= 7r? A is a function of r.

In this case, r is the independent variable and A is the dependent variable.

Definition of a Real-Valued Function of a Real Variable

Let X and Y be sets of real numbers. A real-valued function f of a real variable
x from X to Y is a correspondence that assigns to each number x in X exactly one
number y in Y.

The domain of fis the set X. The number y is the image of x under f and is
denoted by f(x), which is called the value of f at x. The range of fis a subset of
Y and consists of all images of numbers in X (see Figure P.22).

Functions can be specified in a variety of ways. In this text, however, you will
concentrate primarily on functions that are given by equations involving the dependent

and independent variables. For instance, the equation
x2+2y=1

Equation in implicit form

defines y, the dependent variable, as a function of x, the independent variable. To
evaluate this function (that is, to find the y-value that corresponds to a given x-value),
it is convenient to isolate y on the left side of the equation.

y=3(1-x)
Using f as the name of the function, you can write this equation as
fl) = 3(1 = 2.

The original equation

Equation in explicit form

Function notation

x2+2y=1

implicitly defines y as a function of x. When you solve the equation for y, you are
writing the equation in explicit form.

Function notation has the advantage of clearly identifying the dependent variable
as f(x) while at the same time telling you that x is the independent variable and that the
function itself is “f.” The symbol f(x) is read “f of x.” Function notation allows you to be
less wordy. Instead of asking “What is the value of y that corresponds to x = 3?” you can
ask “What is £(3)?”
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20 Chapter P Preparation for Calculus

The expression
in Example 1(c) is called a
difference quotient and has a

special significance in calculus.

You will learn more about this
in Chapter 2.

In an equation that defines a function of x, the role of the variable x is simply that
of a placeholder. For instance, the function

J) =2x2 —4x + 1
can be described by the form
) =T =4 )+

where rectangles are used instead of x. To evaluate f(—2), replace each rectangle
with —2.

f(=2) =2(=2? —4(-2) + 1 Substitute —2 for x.
=24)+8+1 Simplify.
=17 Simplify.

Although fis often used as a convenient function name and x as the independent
variable, you can use other symbols. For instance, these three equations all define the
same function.

f(x) =x2—4x+7 Function name is f, independent variable is x.
f(l‘) =2 —41+7 Function name is f, independent variable is 7.
g(s) =52 —4s+7 Function name is g, independent variable is s.

EXAMPLE 1 Evaluating a Function

For the function f defined by f(x) = x> + 7, evaluate each expression.

a. fGa)  b.fb—-1 o« [+ Ax) — fx)

Ax

Solution

a. f(3a) = Ba)> + 7 Substitute 3a for x.

=9q2 + 7 Simplify.

b. fb—1)=0H-12+7 Substitute b — 1 for x.
=p-2b+1+7 Expand binomial.
=002 —-2b+8 Simplify.

fx+Ax) —flx) [+ Ax)2+7]—(K2+7)

“ Ax N Ax

Cox2+ 2xAx + (Ax)2+ T —x2 -7

a Ax

_ 2xAx + (Ax)?

B Ax

_ Ax(2x + Ax)

 Ax

=2x+ Ax, Ax#0 |

In calculus, it is important to specify the domain of a function or expression clearly.
For instance, in Example 1(c), the two expressions

f+Ax) —f(x)
Ax

and 2x+ Ax, Ax#0

are equivalent because Ax = 0 is excluded from the domain of each expression.
Without a stated domain restriction, the two expressions would not be equivalent.
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(a) The domain of fis [1, o), and the range
is [0, o0).
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(b) The domain of f'is all x-values such that

X # LZT + nr, and the range is (— oo, o0).

Figure P.23
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The Domain and Range of a Function

The domain of a function can be described explicitly, or it may be described implicitly
by an equation used to define the function. The implied domain is the set of all real
numbers for which the equation is defined, whereas an explicitly defined domain is one
that is given along with the function. For example, the function

1
x2—4

4 <x<5

flx) =

has an explicitly defined domain given by {x: 4 < x < 5}. On the other hand, the
function

gx) R

has an implied domain that is the set {x: x # +2}.

EXAMPLE 2 Finding the Domain and Range of a Function
a. The domain of the function
o) = Va1

is the set of all x-values for which x — 1 > 0, which is the interval [1, c0). To
find the range, observe that f(x) = /x — 1 is never negative. So, the range is the
interval [0, co), as shown in Figure P.23(a).

b. The domain of the tangent function
f(x) = tan x
is the set of all x-values such that
X # %T + nr, nis an integer. Domain of tangent function
The range of this function is the set of all real numbers, as shown in Figure P.23(b).

For a review of the characteristics of this and other trigonometric functions, see
Appendix C.

A Function Defined by More than One Equation

For the piecewise-defined function

y jlfx, x<1

J) =

l\/xfl,le

1 — x, x <1
f(x)_1\/x—1, x=1

fis defined for x < 1 and x = 1. So, the
domain is the set of all real numbers. On the
portion of the domain for which x = 1, the
function behaves as in Example 2(a). For Domain: all real x

x < 1, the values of 1 — x are positive. So, The domain of fis (— oo, o0), and the
the range of the function is the interval range is [0, c0).

[0, o0). (See Figure P.24.) Figure P.24

Range: y 20

A function from X to Y is one-to-one when to each y-value in the range there
corresponds exactly one x-value in the domain. For instance, the function in Example
2(a) is one-to-one, whereas the functions in Examples 2(b) and 3 are not one-to-one. A
function from X to Y is onto when its range consists of all of Y.
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The Graph of a Function

y The graph of the function y = f(x) consists of all points (x, f(x)), where x is in the
(x, f(0) domain of f. In Figure P.25, note that
3 o x = the directed distance from the y-axis
E and
%f—) * . . .
x f(x) = the directed distance from the x-axis.
T?e graph of a function A vertical line can intersect the graph of a function of x at most once. This
Figure P.25

observation provides a convenient visual test, called the Vertical Line Test, for
functions of x. That is, a graph in the coordinate plane is the graph of a function of x if
and only if no vertical line intersects the graph at more than one point. For example, in
Figure P.26(a), you can see that the graph does not define y as a function of x because
a vertical line intersects the graph twice, whereas in Figures P.26(b) and (c), the graphs
do define y as a function of x.

(a) Not a function of x (b) A function of x (¢) A function of x

Figure P.26

Figure P.27 shows the graphs of eight basic functions. You should be able to recognize
these graphs. (Graphs of the other four basic trigonometric functions are shown in
Appendix C.)

=

1

Identity function

y y y y
4+ 2+
3+ m 1+
2+ _— ——
-1 1 2
1+ -1+
— —t—x T -2 -2+
-2 -1 1 2
Absolute value function Rational function Sine function Cosine function

The graphs of eight basic functions
Figure P.27
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Transformations of Functions

Some families of graphs have the same basic shape. For example, compare the graph of
y = x? with the graphs of the four other quadratic functions shown in Figure P.28.

J

i

} } “—t—x
-2 -1 1 2 -3 -2 -1 1
(a) Vertical shift upward (b) Horizontal shift to the left
y y
2+ AT

1 -
f f f f—>x
-2 -1 1 2 f ﬂ\ f f——>x
=5 /[ -3 \-1 12
-1+ -
-2+
-2+ B

(¢) Reflection (d) Shift left, reflect, and shift upward
Figure P.28

Each of the graphs in Figure P.28 is a transformation of the graph of y = x2. The
three basic types of transformations illustrated by these graphs are vertical shifts,
horizontal shifts, and reflections. Function notation lends itself well to describing
transformations of graphs in the plane. For instance, using

f (x) = x2 Original function

as the original function, the transformations shown in Figure P.28 can be represented by
these equations.

ay=flx)+2 Vertical shift up two units

b. y= f(x + 2) Horizontal shift to the left two units

C. y= —f(x) Reflection about the x-axis

d.y= —f(x + 3) +1 Shift left three units, reflect about the x-axis, and shift up one unit

Basic Types of Transformations (¢ > 0)
Original graph: y = flx)
Horizontal shift ¢ units to the right: y = f(x — ¢)
Horizontal shift ¢ units to the left:  y = f(x + ¢)

Vertical shift ¢ units downward: y=fx) — ¢
Vertical shift ¢ units upward: y=fx)+c
Reflection (about the x-axis): y = —f(x)
Reflection (about the y-axis): y = f(—x)
Reflection (about the origin): y=—f(—x)
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LEONHARD EULER (1707-1783)

In addition to making major
contributions to almost every
branch of mathematics, Euler was
one of the first to apply calculus
to real-life problems in physics.
His extensive published writings
include such topics as shipbuilding,
acoustics, optics, astronomy,
mechanics, and magnetism.

See LarsonCalculus.com to read
more of this biography.

i FOR FURTHER INFORMATION

For more on the history of the
concept of a function, see the

article “Evolution of the Function

Concept: A Brief Survey” by
Israel Kleiner in The College

Mathematics Journal. To view this

article, go to MathArticles.com.
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Preparation for Calculus

Classifications and Combinations of Functions

The modern notion of a function is derived from the efforts of many seventeenth- and
eighteenth-century mathematicians. Of particular note was Leonhard Euler, who
introduced the function notation y = f(x). By the end of the eighteenth century,
mathematicians and scientists had concluded that many real-world phenomena could be
represented by mathematical models taken from a collection of functions called
elementary functions. Elementary functions fall into three categories.

1. Algebraic functions (polynomial, radical, rational)
2. Trigonometric functions (sine, cosine, tangent, and so on)

3. Exponential and logarithmic functions

You can review the trigonometric functions in Appendix C. The other nonalgebraic
functions, such as the inverse trigonometric functions and the exponential and logarithmic

functions, are introduced in Chapter 5.
The most common type of algebraic function is a polynomial function

f)=ax*+a,_x" '+ - +ax*+ax+a,

where 7 is a nonnegative integer. The numbers a; are coefficients, with a, the leading
coefficient and a, the constant term of the polynomial function. If a, # 0, then n is
the degree of the polynomial function. The zero polynomial f(x) = 0 is not assigned
a degree. It is common practice to use subscript notation for coefficients of general
polynomial functions, but for polynomial functions of low degree, these simpler forms
are often used. (Note that a # 0.)

Constant function

Zeroth degree: f(x) = a

First degree:  f(x) = ax + b

Second degree: f(x) = ax®> + bx + ¢

Third degree: f(x) = ax®> + bx> + cx + d

Although the graph of a nonconstant polynomial function can have several turns,
eventually the graph will rise or fall without bound as x moves to the right or left.

Whether the graph of
f) =ax"+a,_ x" '+ - -

eventually rises or falls can be determined by the function’s degree (odd or even) and
by the leading coefficient a,, as indicated in Figure P.29. Note that the dashed portions
of the graphs indicate that the Leading Coefficient Test determines only the right and
left behavior of the graph.

Linear function
Quadratic function

Cubic function

. 2
+ a,x” +ax + ag

a, <0 a, >0 a, <0
y y y
’ \ Up to
S Upto , left
4 A Y . A}
1
Y right , '
! 1} 1 \\ -
'l \‘ ’ - N 'l ~? S, \‘
I 1 , ~ ’ \
' Down ' Down Selv P
] to left [ to right [ Down = Down
ole \ orig [ |0 left to right \
‘ \ X ; X X

Graphs of polynomial functions of odd degree

The Leading Coefficient Test for polynomial functions

Figure P.29

North Wind Picture Archives/Alamy
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Domain of f
The domain of the composite function
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Figure P.30

P3 Functions and Their Graphs 25

Just as a rational number can be written as the quotient of two integers, a rational
function can be written as the quotient of two polynomials. Specifically, a function f'is
rational when it has the form

ﬂw=§% 4(x) # 0

where p(x) and g(x) are polynomials.

Polynomial functions and rational functions are examples of algebraic functions.
An algebraic function of x is one that can be expressed as a finite number of sums,
differences, multiples, quotients, and radicals involving x". For example,

fx) = Vx+1

is algebraic. Functions that are not algebraic are transcendental. For instance, the
trigonometric functions are transcendental.

Two functions can be combined in various ways to create new functions. For
example, given f(x) = 2x — 3 and g(x) = x> + 1, you can form the functions shown.

(f+ 8 =fx) +g)=2x—3)+ x>+ 1) Sum

(f— o) =flx) —glx) = (2x —3) — (x> + 1) Difference

(f2)x) = flx)glx) = (2x — 3)(x* + 1) Product
= f(X) = -3 tient

You can combine two functions in yet another way, called composition. The
resulting function is called a composite function.

Definition of Composite Function

Let fand g be functions. The function (f ° g)(x) = f(g(x)) is the composite of f
with g. The domain of f - g is the set of all x in the domain of g such that g(x) is
in the domain of f (see Figure P.30).

The composite of f with g is generally not the same as the composite of g with f.
This is shown in the next example.

EXAMPLE 4 Finding Composite Functions

ceen > See LarsonCalculus.com for an interactive version of this type of example.
For f(x) = 2x — 3 and g(x) = cos x, find each composite function.

a. fog b. g-f

Solution
a. (fog)x) = flgx) Definition of f - g
= f(COS X) Substitute cos x for g(x).
= 2(cosx) — 3 Definition of f(x)
=2cosx— 3 Simplify.
b. (g of)(x) = g(f(x)) Definition of g o f
= g(2x — 3) Substitute 2x — 3 for f(x).
= cos(2x — 3) Definition of g(x)
Note that (£ g)(x) # (g - )0 o
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Exploration

Use a graphing utility to
graph each function.
Determine whether the
function is even, odd, or
neither.

£&) = 2 =
glx) =2x3 + 1

h(x) = x° — 2x3 + x
jx) =2 — x6 — x8

k(x) = x> — 2x* + x — 2
px) = x +3x5 — x3 + x
Describe a way to identify a

function as odd or even by
inspecting the equation.

(b) Even function

Figure P.31

Preparation for Calculus

In Section P.1, an x-intercept of a graph was defined to be a point (a, 0) at which
the graph crosses the x-axis. If the graph represents a function f, then the number a is a
zero of f. In other words, the zeros of a function f are the solutions of the equation
f(x) = 0. For example, the function

f) =x—4

has a zero at x = 4 because f(4) = 0.

In Section P.1, you also studied different types of symmetry. In the terminology of
functions, a function is even when its graph is symmetric with respect to the y-axis, and
is odd when its graph is symmetric with respect to the origin. The symmetry tests in
Section P.1 yield the following test for even and odd functions.

Test for Even and Odd Functions

The function y = f(x) is even when

f(=x) = f(x).
The function y = f(x) is odd when
f=x) = —fx).

EXAMPLE 5 Even and Odd Functions and Zeros of Functions

Determine whether each function is even, odd, or neither. Then find the zeros of the
function.

a flx) =x—x b. g(x) =1 + cos x
Solution

a. This function is odd because

) = (200 = (—) = =P+ = = = ) = /().

The zeros of fare

X=—x=0 Let f(x) = 0.
x(x2 - 1) =0 Factor.
xx—1Dx+1)=0 Factor.
x=0,1,—1. Zeros of f
See Figure P.31(a).

b. This function is even because
g(=x) =1+ cos(—x) =1 + cosx = g(x). cos(—x) = cos(x)
The zeros of g are

1+cosx=0 Let g(x) = 0.

cosx = —1 Subtract 1 from each side.
x = (2n + 1)mr, nis an integer. Zeros of g
See Figure P.31(b). |

Each function in Example 5 is either even or odd. However, some functions, such as
f)=x2+x+1

are neither even nor odd.
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see CalcChat.com for tutorial help and worked-out solutions to odd-numbered exercises.

Evaluating a Function In Exercises 1-10, evaluate the
function at the given value(s) of the independent variable.
Simplify the results.

1. fx) =7x — 4 2. fx)=JVx+5

(a) f(0) () f(—3) (@ f(=4) () f(11)

(¢) f(b) @ flx—1) (c) f(4) (d) fx + Ax)
3. glx) =5 —x? 4. glx) = x*(x — 4)

@ g0 ® gV/5) @ g4 o ()

(©) g(=2) (d) glt—1) (c) glo) (d) glr+4)

5. f(x) = cos 2x 6. f(x) = sinx

@@ o)

of5) w3

@ /0 ® f({)

© f(g) @ f(m)

7. flx) = x° 8 flx) =3x—1
£+ A9 — 09 £6) - £(1)
Ax x—1
= ! =x3—x
9. flx) = N 10. f(x)
&) —f2) f) —f(1)
x—2 x—1

Finding the Domain and Range of a Function In
Exercises 11-22, find the domain and range of the function.

11. f(x) = 4x? 12. g(x) = x> -5

13. f(x) = x° 14. h(x) = 4 — x?
15. g(x) = J6x 16. h(x) = —Jx + 3
17. f(x) = V16 — x? 18. f(x) = |x — 3|
19. £() = sec%l 20. h(t) = cot 1

21. f(x) == 22. f(x) = i " i

Finding the Domain of a Function In Exercises 23-28,
find the domain of the function.

23. f(x) = Vx+ V1 —x 24. f(x) = Vx> —=3x+2
25. g(x) = ﬁ 26. h(x) = ﬁ
27. f(x) = ﬁ 28. glx) = ﬁ

Finding the Domain and Range of a Piecewise
Function In Exercises 29-32, evaluate the function as
indicated. Determine its domain and range.

2x+1, x<0
(x) =
2x+2, x=0

@ f(=1)  ® f0) (© f2) (@ f@+1)

x2+2 x=1

0= 12242 x>
(@ f(=2) () f0) () f(1) (@ f(s*+2)

(kL x<t

L /0 = —x+1,x=>1
(@ f(=3) ® f(1) (© fB) (@ fB>+1)

_ (\/x +4, x<5

32 ) = x—5% x>5

(@ f(=3) () f(0) () f(5) (@ f(10)

Sketching a Graph of a Function In Exercises 33-40,
sketch a graph of the function and find its domain and range.
Use a graphing utility to verify your graph.

33 fx) =4 — x 34. gx) = %
35. h(x) = Jx—6 36. f(x) = 123 + 3
37. flx) = V9 — x? 38. f(x) =x+ V4 — x?

39. g(t) = 3sin 7t 40. h(0) = -5 cosg

WRITING ABOUT CONCEPTS
41. Describing a Graph

©

The graph of the distance % 10+
that a student drives in a E 3-

. ) = (10, 6)
10-minute trip to school E 64
is shown in the figure. § 4+
Give a verbal description g 51 2 6
of the characteristics of the A ’

« t
0,00 2 4 6 8 10

Time (in minutes)

student’s drive to school.

42. Sketching a Graph A student who commutes 27 miles
to attend college remembers, after driving a few minutes,
that a term paper that is due has been forgotten. Driving faster
than usual, the student returns home, picks up the paper,
and once again starts toward school. Sketch a possible graph
of the student’s distance from home as a function of time.

Using the Vertical Line Test In Exercises 43—-46, use the
Vertical Line Test to determine whether y is a function of x. To
print an enlarged copy of the graph, go to MathGraphs.com.

43. x — y?2 = M4, /x*—4—-y=0
y y
2 4T
SAV
1 .l
X 1

X

-3-2-1 1 1 2 3

,ZAV
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x+1, x=0
4.y = 46. x> +y> =4

—x+2, x>0
y y

2

1 ﬁ\

} T X - - X
-2 RN -1 1
_1 _IAV
-2

Deciding Whether an Equation Is a Function In
Exercises 47-50, determine whether y is a function of x.

47. x>+ y2 =16
49. y2 =x> -1

48. x> +y =16
50. x>y —x2+4y =0

Transformation of a Function In Exercises 51-54, the
graph shows one of the eight basic functions on page 22 and a
transformation of the function. Describe the transformation.
Then use your description to write an equation for the
transformation.

51. Y 52. Y

—_— N W B W

4L 12345

53. y

Matching In Exercises 55-60, use the graph of y = f(x) to
match the function with its graph.

55. y = f(x + 35)
57.y = —f(—x) — 2
59. y=fx+6)+2

56. y =f(x) = 5
58. y = —f(x —4)
60. y=f(x—1)+3

61. Sketching Transformations Use the graph of f shown
in the figure to sketch the graph of each function. To print an
enlarged copy of the graph, go to MathGraphs.com.

@ fx+3)  ® fx—1)
© f) +2  (d flx) — 4
(©) 3f(x) (f) 1f()

© —f@ () —f(x)

62. Sketching Transformations Use the graph of f shown
in the figure to sketch the graph of each function. To print an
enlarged copy of the graph, go to MathGraphs.com.

@ flx—4)  ®) flx+2)
© f) +4 (@ fx) — 1
(@) 2f(x) (f) 3/(x)
© f(=» () —f()

Combinations of Functions In Exercises 63 and 64,

find (a) f(x) + g(x), (b) f(x) —glx), (¢) f(x)- g(x), and

(d) f(x)/g(x).

63. f(x) =3x — 4
glx) =4

64. f(x) =x2+ 5x + 4
gx)=x+1

65. Evaluating Composite Functions Given f(x) = /x
and g(x) = x? — 1, evaluate each expression.
(a) f(g(1)) (b) g(f(1)) (c) g(£(0))
@) flg(=4)) (o) f(gk)) () g(f(x))

66. Evaluating Composite Functions Given f(x) = sinx
and g(x) = mx, evaluate each expression.

@) o (s3)) @ st

@dr(Z) @ © e

Finding Composite Functions In Exercises 67-70, find
the composite functions f - g and g - f. Find the domain of each
composite function. Are the two composite functions equal?

67. f(x) = x2 glx) = Vx
69. f(x) = % gy =x>—1 70. f(x) = i )= Jx+2

68. f(x) = x> — 1, g(x) = cos x

71. Evaluating Composite
Functions Use the graphs of f
and g to evaluate each expression.
If the result is undefined, explain
why.

@ (f-8)3)
(© g(f(%)
) (g-f)=1)

(b) g(f(2))
@ (f-8)(=3)
() flg(=1)
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72. Ripples A pebble is dropped into a calm pond, causing
ripples in the form of concentric circles. The radius (in feet) of
the outer ripple is given by r(¢) = 0.6¢, where ¢ is the time in
seconds after the pebble strikes the water. The area of the circle
is given by the function A(r) = mr2 Find and interpret

(A 1))

Think About It In Exercises 73 and 74, F(x) = fog - h.
Identify functions for f, g, and k. (There are many correct
answers.)

73. F(x) = V/2x — 2

Think About It In Exercises 75 and 76, find the coordinates
of a second point on the graph of a function f when the given
point is on the graph and the function is (a) even and (b) odd.

74. F(x) = —4sin(1 — x)

75. (-3, 4) 76. (4,9)

77. Even and Odd Functions The graphs of f, g, and & are
shown in the figure. Decide whether each function is even,
odd, or neither.

Figure for 77 Figure for 78

78. Even and Odd Functions The domain of the function f
shown in the figure is —6 = x = 6.

(a) Complete the graph of f given that f'is even.
(b) Complete the graph of f given that fis odd.

Even and Odd Functions and Zeros of Functions In
Exercises 79-82, determine whether the function is even, odd,
or neither. Then find the zeros of the function. Use a graphing
utility to verify your result.

80. f(x) = Yx
82. f(x) = sin’x

79. f(x) = x2(4 — x?)
81. f(x) = xcosx

Writing Functions In Exercises 83-86, write an equation
for a function that has the given graph.

83. Line segment connecting (—2, 4) and (0, —6)
84. Line segment connecting (3, 1) and (5, 8)

85. The bottom half of the parabola x + y*> =

86. The bottom half of the circle x> + y> = 36

Sketching a Graph In Exercises 87-90, sketch a possible
graph of the situation.

87. The speed of an airplane as a function of time during a 5-hour
flight

P3 Functions and Their Graphs 29

88. The height of a baseball as a function of horizontal distance
during a home run

89. The amount of a certain brand of sneaker sold by a sporting
goods store as a function of the price of the sneaker

90. The value of a new car as a function of time over a period of 8
years

91. Domain Find the value of ¢ such that the domain of
fx) = Ve — x2is[—5,5].

92. Domain Find all values of ¢ such that the domain of

__x+3
x>+ 3cx+6

fx)

is the set of all real numbers.

93. Graphical Reasoning An electronically controlled
thermostat is programmed to lower the temperature during the
night automatically (see figure). The temperature T in degrees
Celsius is given in terms of ¢, the time in hours on a 24-hour
clock.

24
20
16
12

| | | | |
T T t

[
T 1
6 9 12 15 18 21 24

0

!

(a) Approximate T(4) and T(15).

(b) The thermostat is reprogrammed to produce a temperature
H(1) = T(t — 1). How does this change the temperature?
Explain.

(c) The thermostat is reprogrammed to produce a temperature
H(t) = T(t) — 1. How does this change the temperature?
Explain.

% HOW DO YOU SEE IT? Water runs into a vase

of height 30 centimeters at a constant rate. The
vase is full after 5 seconds. Use this information
and the shape of the vase shown to answer the

questions when d is the depth of the water in
centimeters and ¢ is the time in seconds (see figure).

|

30 cm

|

(b) Determine the domain and range of the function.

le— Q, —>

(a) Explain why d is a function of z.

(c) Sketch a possible graph of the function.

(d) Use the graph in part (c) to approximate d(4). What
does this represent?
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30 Chapter P Preparation for Calculus

95. Modeling Data The table shows the average numbers of pP' 104. Volume An open box of maximum volume is to be made

acres per farm in the United States for selected years.
(Source: U.S. Department of Agriculture)

Year 1960 | 1970 | 1980 | 1990 | 2000 | 2010

Acreage | 297 374 429 460 436 418

(a) Plot the data, where A is the acreage and ¢ is the time
in years, with # = 0 corresponding to 1960. Sketch a
freehand curve that approximates the data.

(b) Use the curve in part (a) to approximate A(25).

e «96. Automobile Aerodynamics:» e e e e o ¢ o ¢ o o

The horsepower H required to overcome wind drag on a
certain automobile is approximated by

H(x) = 0.002x% + 0.005x — 0.029, 10 < x < 100

where x is the speed of
the car in miles per hour.

(a) Use a graphing
utility to graph H.

(b) Rewrite the power
function so that x
represents the speed
in kilometers per : =
hour. [Find H(x/1.6).] .

97. Think About It Write the function f(x) = |x| + |x — 2]
without using absolute value signs. (For a review of absolute
value, see Appendix C.)

ldF—" 98. Writing Use a graphing utility to graph the polynomial

functions p,(x) = x3 — x + 1 and p,(x) = x> — x. How many
zeros does each function have? Is there a cubic polynomial that
has no zeros? Explain.

99. Proof Prove that the function is odd.

@) =ay,, x4+t axd +oax

100. Proof Prove that the function is even.

f(x) — a2nx2n + a2n_2x2n72 + -+ azxz + a,

101. Proof Prove that the product of two even (or two odd)
functions is even.

102. Proof Prove that the product of an odd function and an
even function is odd.

103. Length A right triangle is formed in the first quadrant by
the x- and y-axes and a line through the point (3, 2) (see
figure). Write the length L of the hypotenuse as a function
of x.

from a square piece of material 24 centimeters on a side by
cutting equal squares from the corners and turning up the
sides (see figure).

22\2
=2

FXAe—— 24 — Dx —>+ XH

(a) Write the volume V as a function of x, the length of the
corner squares. What is the domain of the function?

(b) Use a graphing utility to graph the volume function and
approximate the dimensions of the box that yield a
maximum volume.

(c) Use the table feature of a graphing utility to verify your
answer in part (b). (The first two rows of the table are

shown.)
Length
Height, x | and Width Volume, V
1 24 — 2(1) 1[24 — 2(1)]? = 484
2 24 — 2(2) 2[24 — 2(2)]? = 800

True or False? In Exercises 105-110, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.
105. If f(a) = f(b), then a = b.

106. A vertical line can intersect the graph of a function at most
once.

107. If f(x) = f(—x) for all x in the domain of f, then the graph of
fis symmetric with respect to the y-axis.

108. If fis a function, then
flax) = af(x).

109. The graph of a function of x cannot have symmetry with
respect to the x-axis.

110. If the domain of a function consists of a single number, then
its range must also consist of only one number.

PUTNAM EXAM CHALLENGE

111. Let R be the region consisting of the points (x, y) of the
Cartesian plane satisfying both |x| — |y| <1 and
|y| = 1. Sketch the region R and find its area.

112. Consider a polynomial f(x) with real coefficients having
the property f(g(x)) = g(f(x)) for every polynomial g(x)
with real coefficients. Determine and prove the nature of
f).

These problems were composed by the Committee on the Putnam Prize Competition.
© The Mathematical Association of America. All rights reserved.
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